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The structures and phase transitions of the lanthanide metals can be related toforbital contributions to 
the bonding. With increasing availability of thef orbitals the structure sequence hexagonal closest 
packed, double hexagonal closest packed, I-samarium, cubic closest packed, and body-centered cubic 
is observed. Increases in temperature and/or pressure result in an increased availability of the f 
orbitals resulting in predictable phase transitions 

Introduction 

Many attempts have been made to ex- 
plain the structures of metals. In the case of 
the lanthanide metals, four methods have 
been utilized to explain their structures and 
the observed phase transitions. 

The first of these methods is based on 
pseudopotential theory (I, 2) which can, to 
a degree, make predictions as to which 
structure a particular metal will adopt. 
While this theory has had many successes, 
it has not been as successful as it had been 
hoped. Johansson and Rosengren (3) ap- 
plied pseudopotential theory to the lan- 
thanides using a characterizing parameterf, 
which is related to the pseudopotential, to 
explain the observed phase transitions. The 
second method was proposed by Hodges 
(4). In this case the interactions between 
close-packed planes was used to predict the 
stability of a structure. A similar method 
was also proposed by Havinga et al. (5). In 
the third method, correlations with the 
atomic number either directly (6) or indi- 
rectly (from the size of the metal atom) (7) 
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were used. The final method considers the 
influence of the 4f electrons (8-11). It has 
been argued, however, that participation of 
the 4f electrons in bonding should be ne- 
glected (4, 5). The basis for this argument 
is that the radial distribution of the 4f 
electrons is such that they are kept within 
the ion core of the metal atom, and there- 
fore are not available to influence the bond- 
ing. However, it does appear that the 
influence of the 4f electrons is important 
and it is useful in explaining observations 
( 12). We will show that, from a valence 
bond approach, the participation of the 4f 
electrons is necessary to explain the ob- 
served structures. 

Pauling (13) first proposed the applica- 
tion of valence bond theory to metals. The 
approach was later modified by Altmann, 
Coulson, and Hume-Rothery (24) and 
Brewer (15). Altmann et al. used hybrids of 
s, p, and d orbitals to explain the structures 
of metals. However, they did not include 
thef orbitals in their hybrids. Hybridization 
off orbitals is important to the understand- 
ing of the lanthanide metal structures. This 
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hybridization will be considered in a future 
paper (16). The use of hybrids containingf 
orbitals (from 17) indicated that the greater 
the 4f contribution to the hybrid the more 
favored would be the ccp structure 
(ABCABC), while the lack off orbitals for 
hybridization would favor the hcp structure 
(ABM). These two structures along with 
the two intermediate structures also ob- 
served for the lanthanide metals, dhcp 
(ABACABAC-50% hcp) and &samarium 
(ABABCBCACABABCBCAC-67% hcp) 
complete a series ccp -j dhcp + 6Sm + 
hcp in which the percentage of hcp charac- 
ter increases indicating that the degree of 
participation of the 4f orbitals in hybridiza- 
tion is decreasing (10). There has not been 
a complete explanation of this, nor has 
there been an explanation of how the bee 
structure fits into this scheme. However, 
Duthie and Pettifor (18)were able to use d- 
orbital filling to account for this sequence. 
This paper will discuss the correlation be- 
tween the availability of 4forbitals and this 
sequence, along with fitting the bee struc- 
ture into this sequence. 

Observations 

Table I lists the structures of the lan- 
thanide metals along with the temperatures 
at which they undergo solid-solid phase 
transitions or melt (at 1 atm pressure). The 
data for the transition to the bee structure 
along with the melting points are plotted in 
Fig. 1. 

From the melting point curve it can be 
seen that the values for Eu and Yb are well 
below their extrapolated values, and Pm, 
Sm, and Tm are slightly below their extra- 
polated values. The values for La are higher 
than expected. The line for the bee phase 
transition is similar to the melting point 
curve up to Ho, where it extrapolates to 
above the melting point line (except for 
Yb). Ho does have a bee form at moder- 

ately high pressures (19), thus indicating 
that the extrapolation is reasonable. 

The orthorhombic modifications of Tb 
and Dy are basically distortions of the hcp 
structure (20). At its transition tempera- 
ture, Tb becomes ferromagnetically or- 
dered (22 ), while Dy undergoes an anti- 
ferromagnetic-ferromagnetic transition 
(22-24). These are apparently the only lan- 
thanides which change structure and mag- 
netic properties simultaneously. 

Table II lists the pressure-induced phase 
transitions (at room temperature) for the 
lanthanides. Only those transitions for 
which the structures of both are high- and 
low-pressure forms are known or at least 
inferred are included. 

The structure of the high-pressure phase 
of Eu is uncertain (29); however, it is near 
the pressure calculated for the transition of 
divalent europium to the trivalent state 
(3, 26). This high-pressure phase may be 
hcp (19). A similar valence change is ex- 
pected for Yb at about 140 kbar (3, 26). 

Discussion 

For the lanthanide metals the 6s) 5d, and 4f 
electrons are all of similar energies, there- 
fore, it should not be too diacult to form 
hybrid orbitals from among this set. How- 
ever, these orbitals, especially the 4f, 
change in energy when proceeding from 
one lanthanide to another. The change in 
the energy of the 4forbitals is very impor- 
tant because they are nearly withdrawn into 
the ion cores, especially for the heavier 
lanthanides (IO), and so even a small change 
can drastically affect their availability for 
hybridization. 

Figure 2 plots, in arbitrary units, the 
relative stabilization energies (according to 
the method of Slater (30)) for the 4f elec- 
trons versus the atomic number. The lower 
the energy of the 4f orbital the greater the 
degree of withdrawal into the ion core. The 
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TABLE I 

TEMPERATURE-INDUCED PHASE TRANSITIONS OF THE LANTHANIDE METALS (12) 

Metal 
Low-temperature High-temperature Transition temperature 

Phase Phase (“C) 

La dhcp ccp 

Ce 

Pr 

Nd 

Pm 

Sm 

EU 

Gd 

Tb 

DY 

Ho 

Er 

Tm 

YlJ 

LU 

ccp 
bee 

ccp(ff) 
dhcp 
CCP(Y) 
bee 

dhcp 
bee 

dhcp 
bee 

dhcp 
bee 

6 
bee 

bee 

hcp 
bee 

orthorhombic 

hcp 
bee 

orthorhombic 

hcp 
bee 

hcp 

hcp 

hcp 

hcp 
ccp 
bee 

hcp 

bee 
liquid 

dhcp 
ccp(y) 
bee 
liquid 

bee 
liquid 

bee 
liquid 

bee 
liquid 

bee 
liquid 

liquid 

bee 
liquid 

hcp 
bee 
liquid 

hcp 
bee 
liquid 

liquid 

liquid 

liquid 

ccp 
bee 
liquid 

liquid 

3 10 (heating) 
260 (cooling) 
865 
918 

- 158 
-23 
726 
798 

795 
931 

863 
1021 

890 
1042 

922 
1074 

822 

1235 
1313 

-53 
1289 
1365 

- 187 
1381 
1412 

1474 

1529 

1545 

-3 
795 
819 

1663 

two heavy diagonal lines are for the diva- the 4f electrons are not drawn into the 
lent (M2+) and the trivalent ( M3+) ions. cores as much as they are for the trivalent 
Nonintegral valencies will fall between metals. The slopes of the lines are due to 
these lines. the increasing effective nuclear charge. Re- 

The divalent line falls above the trivalent call that the f orbitals are more strongly 
line because there is a lower effective nu- affected by screening than are the S, p, or d 
clear change for the divalent metals and so orbitals . The metals are all assumed to have 
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FIG. 1. Transition temperatures for the lanthanide 
metals. The melting points (-) and the transition 
temperatures for transformations from various struc- 
tures to the body-centered cubic structure (j-l-) are 
plotted along with extrapolated values (--- and 
+ + +, respectively). 

integer valence values and are plotted as 
such; this is not necessarily true, but it is 
not an unreasonable simplihcation. 

The only two lanthanides which may be 
considered even close to divalent in the 
metallic state are Eu and Yb. As divalent 
elements they have stable half-filled and 
completely filled f orbitals, respectively. 
This tendency towards divalency is exhib- 
ited, in general, in their chemistry. The 
chemistry of two other lanthanides show 
a slight tendency towards divalency. 
These two metals are Sm and Tm. This 
tendency towards divalency can be seen 
in Fig. 1 from the slightly low values at 
Sm and Tm. Since the stabilizations of 
divalent Sm and Tm are much less than 
for Eu and Yb the deviations from the 
extrapolated values are much less. The 
graph also indicates that Pm may have a 
tendency towards divalency which is 
greater than expected. 

The horizontal lines in Fig. 2 indicate the 
stability ranges for the different structure 
types. Note that, on proceeding vertically 

TABLE II 

OBSERVED HIGH-PRESSURE PHASE TRANSITIONS FOR THE LANTHANIDES” 

Metal 
Low-pressure High-pressure 

phase phase 
Pressure 
@bar) Reference 

La hcp ccp 23 w 
Ce ccp ccp 7 (/9,-W 

ccp a’ + a” 51 (26) 
Pr dhcp CCP 39 (9) 
Nd dhcp ccp 65 (9) 
Pm 
Sm 8 dhcp 30 (19) 
Eu bee (hcp?) 150 (19, 27) 
Gd hcp 6 32 (3) 
Tb hcp 6 38 (3) 
DY hcp 6 52 (3) 
Ho hcp 8 72 (3 
Er hcp 6 99 (3, 28) 
Tm hcp 6 119 (3, 28) 
Yb ccp bee 39.5 (20) 
Lu hcp 8 =200 (19) 

a The high-pressure phases for Er, Ho, and Tm may be a-samarium instead of dhcp (19). 
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h 

FIG. 2. Relative availability of the 4f orbitals for the 
lanthanide metals, showing regions where different 
structures are stable. b = body-centered cubic, h = 
hexagonal closest packed, d = double hexagonal clos- 
est packed, c = cubic closest packed, 6 = &samarium. 

on the graph, one sees the structure se- 
quence of Gschneidner and Pearson (10) 
plus the bee structure. Thus if the theory 
that the structure sequence is due to in- 
creased participation of the 4f orbitals in 
bonding then the bee structure should re- 
quire the greatest degree off character. The 
validity of this is a consequence of the fact 
that it is impossible to have a set of equiva- 
lent bonding orbitals directed at the corners 
of a cube (nearest neighbors in bee) without 
some contribution from the f orbitals . 

It may be seen from Fig. 2 that the 
availability of the 4f orbitals may be corre- 
lated with the observed structures. This 
correlation is emphasized by the phase 
transitions of the lanthanides. However, 
the transitions of some lanthanides may 
skip over one or more of these phases. 

First we will consider the effect of tem- 
perature on the phase transitions. Since the 
screening of the nuclear charge increases 
with temperature the 4f orbitals should 
increase the availability. There are two 
reasons for the increased screening (5): 
first, the mean free path is decreased and 
second, the Fermilevel becomes more dif- 

fuse. The increased availability of the 4f 
orbitals results in their upward movement 
in Fig. 2. In general, this is what is observed. 
The only real exception is the a-Ce to p-Ce 
transition at - 158°C. This may be in part 
due to the fact that the valence of Ce in (Y- 
Ce is not 3 but 3.77 (31). This high valence 
for Ce may result in an empty 4f subshell as 
in La (see below). There is evidence that 
the 4f orbitals of o-Ce are not withdrawn as 
far as expected and are therefore still avail- 
able for bonding. 

The orthorhombic distortions of the hcp 
lattices of Tb and Dy are probably the 
result of magnetic ordering in addition to 
the valence bond effect. 

The La point below the M3+ line does 
not, in this case, indicate a valency greater 
than 3+, however, it does indicate that the 
f orbitals are not as readily available as 
would be expected. This may be due to the 
fact that thef orbitals on La are empty and 
therefore are not drawn to the core (not 
drawn down to a favorable energy). A 
similar situation arises in a-Ce as the tet- 
ravalent Ce also has vacant f orbitals. 
Again the vacant orbitals are not drawn 
towards the core like orbitals with electrons 
in them, so the 4f orbitals are not drawn so 
far down as to be down to the + 4 line (not 
indicated in Fig. 2) but only to a position 
slightly below the +3 line and so the (Y to 
dhcp transition observed for Ce would plot 
higher than expected and thus appear just 
below the + 3 line and not near the + 4 line. 
An alternative explanation is that being 
empty the 4f orbitals do not contribute any 
electrons to bonding and thus do not con- 
tribute to the stability of the structure. 

Phase transitions to the bee structure are 
often assumed to be due to the increase in 
entropy that should accompany a closest 
packed to body centered phase transition. 
However, the validity of this statement 
may be questionable for some of the lan- 
thanide metals. Pearson (32) has shown 
that an hcp structure with a c/a ratio of 0.05 
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less than ideal is more “open” than a bee 
structure. In addition, he points out that 
there is some question as to the constraints 
imposed by the eight near neighbors. Thus 
it may not be entirely valid to attribute the 
transitions to the bee structure as being 
solely due to entropy effects. 

Because the 4f electrons sink lower in 
energy as the atomic number increases it 
becomes more difficult to raise them to the 
level needed to utilize them in producing 
the bee structure. As they sink lower a 
higher temperature is needed to bring 
them up, through increased screening, so 
the transition temperatures increase with 
the atomic number. 

Since the maximum in the radial distribu- 
tion of the 4f orbitals is less than that of the 
6s or 5d orbitals they are not greatly af- 
fected by increases in pressure (10). There- 
fore an increase in pressure leaves the 4f 
orbitals relatively unaffected and pushes 
the 6s and 5d orbitals in. This results in an 
increased availability of the 4f orbitals. 
Thus an increase in pressure should simu- 
late an upward movement in Fig. 2. This is 
what is observed. The only exceptions, Ce 
and Eu, apparently are due to valency 
changes, +3 to +4for Ce and +2 to +3 for 
Eu (3, 26). This, of course, assumes that 
there is a + 2 to + 3 valence change for Eu 
which has not been confirmed. This in- 
crease in valence should result in a down- 
ward movement in Fig. 2. This is just what 
is observed. Eu is transformed from bee to 
hcp (?), while Ce transforms from ccp to (Y’- 
Ce (a’-Ce is isostructural with a-U (.?I), a 
distorted hcp structure (20). Note that 
metastable cz”-Ce also forms with a’-Ce; 
a”-Ce is a distorted ccp structure (31)). It 
should be noted that Yb transforms corn 
a ccp to a bee structure at 39.5 kbar (20). 
Such a transition, from a closest packed 
to a more “open” structure, is the re- 
verse of what is expected, and should not 
be pressure induced. However, if the in- 
creased availability of the 4f orbitals is 

taken into account then such a transition 
is predictable. 

The variations in the pressures required 
for the phase transitions may be explained 
by an argument similar to that used for the 
variation with temperature. 

It is important to remember that a large 
amount off character is not needed for the 
resulting hybrid orbitals to drastically affect 
the bonding. Pauling (33) showed that by 
adding 4% d character and 2%f character 
to the sp3 hybrids of two carbon atoms 
results in a 38% increase in the bond 
strength. Therefore arguments based upon 
the assumption that the 4f orbitals are too 
low lying are valid only if a significant 
amount off character is required; but since 
the bonding argument in this paper does not 
require considerable f orbital contribution 
such reservations are not applicable here. 
In addition Pauling’s argument implies that 
there may be a contribution from the f 
orbitals for all metals, not just the lan- 
thanides and actinides. 

It is apparent that the availability of thef 
orbitals is related to the crystal structures 
of the lanthanide metals. This trend can be 
extrapolated to barium, cesium, and haf- 
nium, resulting in further correct structure 
predictions, but beyond these elements 
other factors seem to predominate. Due to 
the similarities between the lanthanides the 
influence of thef orbitals which is normally 
masked by other factors may be seen. This 
similarity is greater than for any other 
group of metals including the actinides. It is 
very likely that thef orbitals contribute to 
the structures of most metals and so their 
contribution, even though small, must al- 
ways be taken into account. 

Acknowledgment 

The initial stages of this study were done at ArLzona 
State University with financial support provided by 
NSF Grant DMR-77-08473. 



306 RICHARD H. LANGLEY 

References 

1. V. HEINE AND D. WEAIRE, Phys. Rev. 152, 603 
(1%6). 

2. V. HEINE, J. Phys. C. Ser. 2 1, 222 (1968). 
3. R. JOHANSSON AND A. ROSENGREN, Phys. Rev. B 

11, 2836 (1975). 
4. C. H. HODGE~,AC& Mer. 15, 1787 (1967). 
5. E. E. HAVINGA, J. H. N. VAN VUCHT, AND K. H. 

J. BUSCHOW, Philips Res. Rep. 24, 407 (1969). 

6. I. R. HARRIS AND G. V. RAYNOR, .I. Less-Com- 
mon Met. 17, 336 (1969). 

7. C. E. LUNDIN, Denver Res. Inst. Rept. 2326 
(1966). 

8. D. B. MCWHAN AND A. L. STEVENS, Phys. Rev. 
A 139, 682 (1965). 

9. K. A. GSCHNEIDNER, JR., AND R. M. VALLETTA, 

Acta Met. 16, 477 (1968). 
IV. K. A. GSCHNEIDNER, JR., AND W. B. PEARSON, 

Mater. Res. Bull. 3, 951 (1968). 

II. B. JOHANSSON, Philos. Mug. 30, 469 (1974). 

1-7. G. J. BEAUDRY AND K. A. GSCHNEIDNER, JR., in 
“Handbook on the Physics and Chemistry of the 

Rare Earths” (K. A. Gschneider, Jr., and L. 

Eyring, Eds.), Vol. 1, Chap. 2, North-Holland, 

Amsterdam (1978). 
13. L. PAULING, Proc. Roy. Sot. A, 196, 343 

(1949). 
14. S. C. ALTMAN, C. A. COULSON, AND W. 

HUME-ROTHERY, Proc. Roy. Sot. A 240, 145 
(1957). 

15. L. B~~w~~,Science 161, 115 (1968). 
16. R. H. LANGLEY, to be published. 
17. J. C. EISENSTEIN, J. Chem. Phys. 25, 142 

(1956). 

18. J. C. DUTHIE AND D. G. PETTIFOR, Phys. Rev. 
Left. 38, 564 (1977). 

19. A. JAYARAMAN, in “Handbook on the Physics 
and Chemistry of the Rare Earths” (K. A. Gsch- 

neidner, Jr., and L. Eyring, Eds.), North-Hol- 

land, Vol. 1, Chap. 9, Amsterdam (1978). 

20. J. DONAHUE, “The Structure of the Elements,” 

Wiley, New York (1974). 
21. F. J. DARNELL, Phys. Rev. 132, 1098 (1963). 
22. F. J. DARNELL, Phys. Rev. 130, 1825 (1963). 
23. F. J. DARNELL AND E. P. MOORE, J. Appl. Phys. 

34, 1357 (1963). 
24. V. A. FINKEL AND V. V. VOROBIEV, Sov. Phys. 

JETP 24, 524 (1967). 
25. A. W. LAWSON, Progr. Met. Phys. 6, 1 (1956). 
26. A. ROSENGREN AND B. JOHANSSON, Phys. Rev. B 

13, 1468 (1976). 
27. R. A. STAGER AND H. G. DRICKAMER,Phys. Rev. 

133, 830 (1964). 
28. E. A. PEREZ-ALBAERNO, R. L. CLENDENEN, R. 

W. LYNCH, AND H. G. DRICKAMER, Phys. Rev. 
142, 392 (1966). 

-79. K. A. GSCHNEIDNER, JR., in “Valence Instabili- 
ties and Related Narrow-Band Phenomena” (R. 

D. Parks, Ed.), pp. 89-100, Plenum, New York 

(1977). 
30. J. C. SLATER, Phys. Rev. 36, 57 (1930). 

31. W. H. ZACHARIASEN AND F. H. ELLINGER, Acta 
Crystallogr. Sect. A 33, 155 (1977). 

32. W. B. PEARSON, “The Crystal Chemistry and 
Physics of Metals and Alloys,” pp. 127-128, Wi- 

ley-Interscience, New York (1972). 
33. L. PAULING, “The Nature of the Chemical 

Bond,” 3rd ed., pp. 126-128, Cornell Univ. 
Press, Ithaca, N.Y. (1960). 


